The Social Force Model is one of the most prominent models of pedestrian dynamics. As such naturally much discussion and criticism has spawned around it, some of which concerns the existence of oscillations in the movement of pedestrians. This contribution is investigating under which circumstances, parameter choices, and model variants oscillations do occur and how this can be prevented. It is shown that oscillations can be excluded if the model parameters fulfill certain relations. The fact that with some parameter choices oscillations occur and with some not is exploited to verify a specific computer implementation of the model.
Introduction
The Social Force Model of pedestrian dynamics is a model that aims at describing the movement of pedestrians with the predominant purpose of simulating pedestrian movement on computers. The force of pedestrian β on pedestrian α typically has the form f αβ = Aαw()e (−g())ê αβ (1) where g() is a function which grows with increasing distance between both pedestrians and can depend on the velocities of one or both pedestrians. The function w() suppresses forces the more pedestrian β is located outside the current walking direction of pedestrian α. The Social Force Model has first been introduced in 1995 [1] . This variant later was called "elliptical specification I". A second variant (circular specification) has been proposed in 2000 [2] and a third variant (elliptical specification II) in 2007 [3] . The difference between the three variants lies mainly in the way the velocities of two interacting pedestrians are considered in the computation of the force between them. The 1995 variant considers only the velocity of the pedestrian who exerts the force. The 2000 variant does not at all consider velocities (only the distance between pedestrians) and the 2007 variant considers the relative velocity between both pedestrians (the pedestrian who exerts the force and the pedestrian on whom the force acts). For the analytical considerations in this paper mainly the simplest variant from 2000 will be considered. Nevertheless it will also be discussed how results will change qualitatively if the variants as of 1995 or 2007 are applied.
Under "oscillations" in this paper unrealistic artifacts in the trajectory of a pedestrian approaching another pedestrian, his destination or a wall is understood. The occurrence of oscillations in the sense of this contribution has been discussed in a number of contributions [4] [5] [6] [7] and it is often claimed that oscillations cannot be avoided in the Social Force Model, but that they just can be made small. In this paper it will be shown that this is not correct and exact conditions for the value of the model parameter such that oscillations occur will be derived.
In the remainder of the paper first a single pedestrian approaching a destination is investigated, then a pedestrian approaching another pedestrian who is standing still and finally two pedestrians approaching each other. In each case the model is reduced to one dimension and the noise term is set to zero. In the first section on approaching a destination the problem will be shown to be most severe as with certain conditions oscillations cannot be prevented and continue infinitely long. At the same time -as will be argued -for this case it is not very relevant, as there are simple, pragmatic solutions. The second and third case yield restrictions to the choice of parameters which can produce realistic, oscillation-free behavior.
A pedestrian approaching a destination
In this section we are interested in and discuss the equations of motion and their solution of a single pedestrian approaching a destination coordinate (i.e. a point) where he is required to come to a standstill. We assume that in the beginning the pedestrian is walking with his desired speed v0 straight towards the destination coordinate, so there is no tangential component of the walking velocity. Then we can describe the pedestrian as walking from positive x coordinate into negative x direction towards the destination which is at x = 0. Since the 1995, 2000, and 2007 variants of the Social Force Model only differ in the force between pedestrians and not the driving force term all results of this section hold for all three variants.
We assume for now, that the desired velocity is always some externally given v0 and is always pointing from the pedestrians current position towards x = 0. This assumption is the simplest one and it can be questionedas we will do below. With it it is obvious that there will be oscillations around x = 0. Our intention here is to investigate the quantitative details of these oscillations.
In general the equation of motion for this pedestrian reads
where τ is an external parameter which typically has values between 0.1 and 1.0 seconds. We require the pedestrian not only to reach x = 0, but also to stand still there as arrival condition. Because the pedestrian has a speed larger 0 (or, considering walking direction: smaller 0) he will walk over the destination and be on the left (negative) side of x coordinates. There the desired velocity points into the direction of positive x coordinates. So we have for the time following the moment when the pedestrian is at x = 0:
This is solved byẋ
where a and b are integration constants which need to be determined by initial conditions. We choose t = 0 at the moment when the pedestrian is at x = 0. Thenẋ(t = 0) = −v0. However, for later usage we want to set here more generalẋ(t = 0) = −u and remember that for our particular case u = v0. With the two conditions x(0) = 0 andẋ(0) = −u we can determine the values of the integration constants:
So we haveẋ
Now we can compute the time tturn when the pedestrian stops (and turns around)ẋ(t0) = 0 and the position x(t0) at which this happens:
In the initial case, when u = v0 this simplifies to tturn = τ ln(2) and x(tturn) = τ v0(ln(2) − 1). This is only half the way to go. The actual question is how fast a pedestrian returns to x = 0 when he has passed it before with speed u and how long such a loop takes. Now we choose t = 0 for the moment when the pedestrian is standing still at x(tturn). The time t returned at which the pedestrian returns to x = 0 therefore has to be understood as time after tturn and not as absolute point in time.
We begin again by determining the value of the integration constants. From equation (4) andẋ(0) = 0 follows a = v0. With equations (5) and (11) we have
x(t) = v0τ ln 1 + u v0
Because x(t returned ) = 0 we have the following equation for t returned :
with the substitutions φ returned = t returned /τ and α = 1 + u/v0. We do another substitution ϕ = φ returned − α + ln(α), transforming the last equation to
−αe
Obviously one solution is ϕ = −α, but the general solution is
where W () is the Lambert W function [8] [9] [10] , which by definition is the inverse relation of f (y) = ye y . Resubstituting ϕ and φ returned (for reasons of convenience we do not resubstitute α) we have:
In the interval y ∈ [−1/e..0] W (y) has two branches, denoted W−1(y) and W0(y); and with 1 ≤ α ≤ 2 for −αe −α we are within this interval where W (y) has two branches. It holds
In this case it would be t returned = −tturn. Thus the W−1 branch gives the backwards in time solution which we are not interested in here (because we already have computed it above). Therefore we have to continue with the W0 branch for which
although W is the inverse relation of f (y) = ye y . In the remainder we write W for W0. In case u = v0, i.e. α = 2 the numerical value of the solution is
90047. Using equation (20) in equation (4) we get the speedẋ(t returned ) at the time when the pedestrian returns to x = 0 in dependence from u, which is the speed at the time when the pedestrian last was at x = 0:
where we have used the defining equation of the W function y = W (y)e W (y) . From here on the properties have an index that determines the recurrence to the offspring. For example t0 is the (absolute) time when the pedestrian is for the first time at the offspring, t1 denotes the (absolute) time when the pedestrian returns for the first time to the offspring and so on. In the case of properties that do not describe passage of the offspring, but the loop durance and turning position the index enumerates the loops. This means that for these two properties there is no index 0 and that tn = tn−1 + ∆tn. Equation (23) means that for the n + 1th passage of the offspring αn+1 depends on αn like
The time ∆tn+1 it takes for the n + 1th loop depends on αn like
Rewriting equation (11) in terms of α and writing |xn| for the turn around distance of the nth loop we have As typical values are τ = 0.4 s and v0 = 1.5 m/s it takes about 7 passages before the amplitude |xn| gets smaller than 1 cm. This takes about 2.1 seconds. The 7th oscillation has a period of 0.15 seconds. To resolve this a computer implementation would have to have a time step which is at the very maximum half that value 0.075 seconds or 14 simulation steps per second.
Because αn+1 = 1 only if W (−αne −αn ) = −1 which in turn is only the case if αn = 1 there will be infinitely many oscillations and in A a proof is given that the sum of the ∆tn diverges, i.e. the pedestrian will oscillate infinitely long around the destination coordinate.
At first sight this is an unsatisfactory result with regard to the Social Force Model, as such oscillations are unrealistic. However, we have to ask how realistic our assumptions and initial conditions were. This concerns in particular the desired velocity v0. We demanded in the beginning that the pedestrian should come to a stop at x = 0. Nevertheless we have set the desired velocity all of the time to one particular value | v0| > 0. This is too simplistic. Real persons plan ahead and adjust their desired speed: if they desire to stop at a certain position Table 1 : Numerical results for the first 30 passages resp. oscillations. The value for α n is understood before an oscillation, while ∆t n /τ is the period of that oscillation, and the total time t n /τ after that same oscillation. All values are dimensionless. The numerical values of the Lambert W function have been computed using Wolfram Alpha [11] . they adapt their desired velocity beforehand to just achieve that. So we have to ask how we have to modify v0 dynamically to account for that.
More precisely we ask: at which distance d b does a pedestrian have to start braking in the Social Force Model, if he sets v b as desired speed opposing his current speed u? And how long does it take before he comes to a stand still?
For this the equation of motion readsẋ
with the following (initial) conditions:ẋ
where we have defined the moment where the pedestrian starts to brake as t = 0 and the moment where he stops at x = 0 as t0; d is the distance before stand still at which braking has to begin which we are looking for. Solving this results in
This gives finite and positive t0 and d b for all v b > 0. Thus, it is not sufficient to set the desired speed to zero for a pedestrian who wants to stop as this would imply an infinitely large braking distance and an infinitely long time to come to a stand still. If we assume that a pedestrian for braking can at maximum have a desired speed v b = v0 the minimum time for braking is t0 = τ ln(2) and the minimum braking distance is d b = τ v0(1 − ln(2)) to come to standstill from an initial speed u = v0.
A different and pragmatic solution of the problem is that in real-world planning applications usually there is no requirement set for the speed at which a pedestrian arrives at a destination. It is furthermore usual that as destination not a point is given but that a cross section has to be crossed or the pedestrian has to move into a specific area. If no restriction is given for the speed at arrival the problem disappears.
A third objection is that also a real person cannot comply to the request to stand still with his or her center exactly at some given coordinate. Real people always sway a little bit when they (try to) stand still [12] . Why then should one require this from a simulated pedestrian? The oscillations around the destination point which were found here in their functional form surely do not match the swaying of real people when they stand "still", but the amplitude of the ones of the model quickly fall below those of real people. When the real swaying is not required to be reproduced by models implicitly a required limit to precision is set and any movement of that order of magnitude or below should be acceptable.
3 A pedestrian approaching a standing pedestrian
Theory
Now we want to investigate the situation when some pedestrian M is approaching another (pedestrian S) one who is standing at a fixed position -again in one dimension, for an empirical investigation see for example [13] . Since the pedestrian who is exerting the force is not moving, the 1995 variant (elliptical specification I) of the Social Force Model will produce the same result as the 2000 variant (circular specification) which is the one we are investigating, but different from the 2007 variant (elliptical specification II) where the speed of the pedestrian on whom the force acts modifies the strength of the force.
Assume pedestrian S is standing still at x = 0, facing into positive x direction and pedestrian M is approaching from there, i.e. pedestrian M has positive x coordinate and a speed directed towards negative x, i.e.ẋ(t = 0) < 0 as well as the desired speed v0 > 0 which is constant in time. It is assumed that pedestrian M at time t=0 is far away from pedestrian S and walking with his desired walking speedẋ(t = 0) = −v0.
Then the equation of motion for pedestrian M in the 1995 and 2000 variants of the Social Force Model is
with R as radius of a pedestrian (we assume here for simplicity that all pedestrians have the same radius) and τ , A, and B parameters of the Social Force Model. Pedestrian M will come to a standstill at distance
As pedestrians should not bump one into another ds must be larger than 2R. Therefore we have a first condition for the parameters of the Social Force Model to yield realistic results:
We assume that oscillations only occur generally if they also occur close to equilibrium. Thus, if there are no oscillations when pedestrian M is already close to x = ds then there are no oscillations at all. Expanding the exponential function in equation (34) into a Taylor series around x = ds gives
Equation (37) is the equation of the damped harmonic oscillator, with the known three solutions: under damped (pedestrian M approaches the equilibrium point oscillating around it), critically damped (pedestrian M approaches the equilibrium point as quick as possible but without oscillations) and over damped (pedestrian M approaches the equilibrium point slower than would be possible without having oscillations. Which of the three cases is realized depends on the relation of parameters:
Thus in addition to equation (36) with 4v0τ ≤ B
we have a second condition for the parameters of the 1995 and 2000 variants of the Social Force Model to have a chance to yield realistic results.
Implications for parameters found in literature
In the literature one can find values for some or all of the parameters A, B, τ , and v0 gained from empirical observations or laboratory experiments. If all four parameters are given, one can use relations (36) and (41) to test if realistic results for the scenario discussed here can be expected. If not for all four parameters values are given those two equations allow to set limits. Table 2 shows a compilation of such data and how they relate to or with relations (36) and (41). It can be seen that where all four parameters were taken from experiment relation (36) easily holds while relation (41) is clearly violated. Whereas if parameters A and B (and τ ) have been calibrated or given in a work then relations (36) and (41) require pedestrians to walk quite slowly, while if v0 and τ are calibrated or given it needs relatively large values for A and B that relations (36) and (41) hold. This is an indication that with the circular specification (alone) the parameter space that yields realistic results is small.
Source [3] 0.42 ± 0.26 1.65 ± 1.01
26. 1 : The simplified Nomad model discussed in said publication is identical to the circular specification of the Social Force Model, except that the radius of pedestrians is not stated explicitly in the exponent. If -what is not stated explicitly in said contribution -"distance" for the Nomad model means body surface to body surface the parameter meanings are identical, while if it means center to center distance the value of parameter A would change by a factor e −2R/B and even equation (36) could be violated.
Elliptical specification II in comparison
For elliptical specification II a rigid analysis is much more difficult than for the circular specification since the elliptical specification II does not only depend on the distance of the two pedestrians but also on their relative velocity. Still one can estimate the effect of the added consideration of relative velocity on the occurrence of oscillations. In the elliptical specification II of the Social Force Model [3] the force from pedestrian β on pedestrian α is defined as
where r gives the position of pedestrians and A, B, λ, and ∆t are model parameters. Pedestrians' positions and derived properties are time dependent, other properties are constant. In one dimension and with pedestrians facing each other this simplifies to cos(θ αβ ) = 1 (49) withda being the arithmetic anddg the geometric mean of current and projected distance (d αβ resp. d αβ + d αβ ∆tα). It can directly be seen that for large distances equation (58) reduces approximately to the circular specification from [2] which depends only on distance.
For a pedestrian α approaching another pedestrian β from positive x values d is positive andḋ is negative. Therefore and because of the inequality of arithmetic and geometric means it holds d αβ +ḋ αβ ∆tα <dg <da < d αβ . Then obviously as long as d > −ḋ∆t the force as in equation (58) is larger compared to the circular specification and consequently pedestrian α will not overshoot for certain parameter choices where he does so with the circular specification.
In case pedestrian α overshoots over the equilibrium point and turns around it would be desirable that the force is not larger but smaller than with the circular specification. However, since in this caseḋ becomes positive it holds that d αβ <dg <da < d αβ +ḋ αβ ∆tα and therefore in equation (59) the exponential factor gives a smaller value than with the circular specification, yet the fraction factor has a value > 1 and may for large values of parameter B outweigh the damping effect from the modification in the exponential function. There are three indications that also in this phase of pedestrian α's movement and in general oscillations are suppressed with elliptical specification II: first, for large values of parameter B already in the circular specification there are no oscillations as equation (41) tells us. This means that where in an isolated view on the "way back" the problem is most pronounced the system may actually not even evolve to the point that it exists.
Second, one can expand equation (58) in a series for small values ofḋ αβ ∆tα/d αβ :
In the moment pedestrian α turns around it isḋ αβ = 0 and therefore circular and elliptical specification II yield an identical force. Starting to move backward with now positiveḋ αβ equation (60) tells us that elliptical specification II yields smaller forces with the difference to circular specification leveled for Bα → ∞. Third, with the -admittedly arguable -additional assumptions thaṫ
one cannot only expand for small ξ(t), but also reduce the complexity of equation (58) with regard toḋ αβ . Various approximate forms of that equation can be derived in this way of which one is analytically solvable and contains parameter ∆tα (omitting the indices α):
where in comparison to equation (37) just the factor beforeξ(t) has changed. This leads to a less strict requirement for avoiding oscillations:
than equation (41). Finally a note on the case d +ḋ∆t < 0 where the force is zero: if pedestrian α starts to approach β from a sufficiently large distance and with a typical pedestrian walking speed it will be d +ḋ∆t > 0. Since equation (58) diverges to positive values at d +ḋ∆t → 0 + the pedestrian will slow down and eventually be at rest or turn around before d < −ḋ∆t. For a departing pedestrian α it isḋ > 0 and thus always d +ḋ∆t > 0. Only when a simulation is initiated with d +ḋ∆t < 0 it may yield dynamics that do not fit into this line of argumentation; compare [17] . Such extrinsically prepared "Garden of Eden" states can be dealt with for example by a model extension (if one does not simply want to exclude them by construction).
Simulations
For realistic applications it makes sense to choose the parameters such that no oscillations occur. However, to verify a computer implementation of the Social Force Model it can be interesting to use parameters just around the critically damped conditions and check if oscillations do and do not occur according to expectations. Model specific validation work can amend validation tests like those in the RiMEA test cases [18] which usually are formulated model independently. In this subsection such a model specific verification process will be carried out exemplarily utilizing PTV Viswalk [19] . Parameter settings: since A soc mean controls the contribution of elliptical II specification it has been set to zero (in the remainder "A refers to "A soc iso in the software; for the pedestrian on the left it has been set to zero as well); λ = 1.0 to minimize effects from the in fact two-dimensional nature of the simulation; stochastic noise has been set to zero . The value of the noise parameter has been set to zero for both pedestrians to not unnecessarily blur the results. At first we investigate where the second pedestrian comes to rest. According to equation (35) this depends on the values of the parameters B soc iso, A soc iso, v0, τ , and R. The latter was set to be 0.2577 m. Keeping A soc iso and v0 constant and increasing the value of τ in steps of 0.1 s the second pedestrian does not pass through the first one for the first time at a value τ = 0.6 s and both do not overlap visually for τ ≥ 0.8 s. At τ = 0.9375 s when Aτ = v0 the distance of the central points of both pedestrians is 0.5135 m which comes 2 mm close to 2R. Table 3 and figure 5 show values for the stand still distance in dependence of some values for parameter τ with all other parameters kept constant. The theoretical expectation is met well in all cases. Table 4 and figure 5 show values for the stand still distance in dependence of some values for parameter B soc iso with all other parameters kept constant. The theoretical expectation is met well in all cases.
The stand still distances of table 4 are unrealistically high for all but the smallest values for parameter B. We have chosen the parameters in this way not to scan for realistic parameter values, but because with these parameters one can well demonstrate that for certain cases (small values for B) there are oscillations and in others (large values for B) there are none. Figures 6 and 7 show the time evolution of the position of the approaching pedestrian for various values of parameter B. 
Two pedestrians approaching each other
If two pedestrians approach each other in one dimension they may come to a stand still at an equilibrium distance or they might jointly (and with an equilibrium distance) move into one of the two possible directions. If all parameters (v0, A, B, and τ ) are identical for both pedestrians one can rewrite the coupled equations of motion of both pedestrians as one equation for the movement of the center of mass and one equation for the relative motion. Latter one can again be approximated by an oscillator equation. Compared to the case above one has an additional factor 2 at the friction term implying that the system is critically or over damped for
which leads to the conclusion that the case of two mutually approaching pedestrians sets a stronger restriction on parameter choice than the case when one pedestrian is approaching another who is standing, at least if oscillations are to be avoided. 
Conclusions
It could be shown that the Social Force Model as proposed in 1995 (elliptical specification I) and 2000 (circular specification) in a special and one-dimensional case and around equilibrium reduces to the equations of the damped harmonic oscillator. This implies that indeed one has to be careful not to choose parameters with which the pedestrians' trajectories yield unrealistic results. However, at the same time it means that there are parts in parameter space in which there are not only just small oscillations, but where there are exactly no oscillations. A look at parameter values found in literature for the circular specification shows that parameters deemed to yield realistic results in certain calibration scenarios do or may produce oscillating behavior unless the desired walking speed(s) are set to rather small values. The equations of the Social Force Model as of 2007 (elliptical specification II) are not as easily treated analytically. Still in a discussion of its equations it could be argued that -compared to the circular specification -oscillations are clearly suppressed. Elliptical specification II from 2007 therefore appears to be superior to the two preceding variants also for the reasons discussed in this paper (this was found already in the paper from 2007 but for different reasons). It is therefore a good idea to either simply use elliptical specification II or combine it with one of the earlier variants (e.g. by simply adding the forces) to reduce the risk of oscillations.
The phenomenon of oscillations was used to verify a specific computer implementation of the Social Force Model. It was possible to show that it reproduces the expected results. This comparison can be seen as an attempt to falsify either of the two -theoretical expectations and software implementation -and the attempt failed, no potential issues could be found. The method can be applied to verify any implementation of the Social Force Model variants of 1995 or 2000 and it is generally an example of model specific verification. The tests carried out in this contribution are just examples. The phenomenon of oscillations bears the potential to formulate further tests.
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A Proof that a pedestrian heading for a destination point never comes to rest
In this section we show that
diverges for n → ∞. First step: We proof that αn+1 < αn: we begin with α0 = 2 and with equation (24)
For all 1 < z ≤ 2 it holds that
and for all −1/e < z < 0
Therefore for all 1 < z < 2 it holds that
From that and with α0 = 2 it follows that
From equation (24) it follows that
and from it that if αn−1 > αn also αn > αn+1. See figure 8 for a plot of 2 + W0 −ze −z and the visualization of the evolution of the αn which allows to see this first step very easily.
Second step: We verify that ∆tn > 0 (physically this is obvious, mathematically it needs to be shown; this step in effect is a check on potential errors done before): Since αn = −W1 −αne −αn (77) and because for −1/e < z < 0 it holds that W0(z) > W1(z) (78) Figure 8 : Plot of 2 + W 0 (−xe −x ) for 1 ≤ α ≤ 2 and a visualization of the evolution of the α n ; basically created with [20] .
it results for the ∆tn according to equation (25) ∆tn+1 τ = αn + W0 −αne −αn = W0 −αne −αn − W1 −αne −αn > 0 (79)
Third step: we proof that ∆tn+1 < ∆tn. Equations (25) and (24) 
From them it follows that ∆tn+1 τ = αn+1 + αn − 2
thus the ∆tn show the same behavior as the αn and with αn+1 < αn also ∆tn+1 < ∆tn. Fourth step: if ∆tn+1/∆tn for large n would approach a value smaller than 1 the sum would converge, only if it approaches 1 it may diverge. From (82) it follows that ∆tn+1 ∆tn = 1 − αn−1 − αn+1 αn−1 + αn − 2 (83)
To compute the limit for this for large n we have to expand W0(−αne −αn ) into a series. For convenience we write βn = αn − 1
knowing that this is βn = un/v0 and that these βn will approach 0 with increasing n. By computing the right side limit towards 0 of W0(−αne −αn ) = W0(−(1 + βn)e −(1+βn) )
and its derivatives one can write 
Using these approximations in equation (83) gives for large n ∆tn+1 ∆tn ≈ 1 − 2βn−1 3 − βn−1
which approaches 1 with n → ∞ where βn−1 → 0.
Thus, like with the harmonic series hm the ratio of subsequent terms approaches 1. We note that equation (82) implies ∆t n+1 τ = βn+1 + βn and therefore
the sum of the ∆tn depends trivially on the sum of the βn and especially their convergence behavior is the same.
In the last step we prove that if βn > hm then also βn+1 > hm+1 and therefore beyond some n, m the harmonic series is a lower estimate of the βn implying that with the harmonic series also the sum of βn diverges. Assume that for some n, βn can be written as
with m ∈ N, m >> 1 and 1 ≤ q < m/(m − 1), i.e. βn is placed between two elements of the harmonic series. This requires just that there is some 0 < βn < 1. This is obviously the case. So, can there be a βn+1 < 1/(m + 1)?
A lower estimate of the right side is if at the positive term q is replaced by its minimum value q = 1 and at the negative term by its upper limit q = m/m − 1: 
Thus, if there is a βn 0 < 1/8 -it is, as can be seen in table 1) -it will hold for all βn>n 0 that if βn > hm then also βn+1 > hm+1. Therefore the harmonic series is a lower estimate for the series of βn. Thus the series of the βn diverges and with it the series of the ∆tn. ) and its approximation [21] .
